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We investigate finite size effect on the vector meson and the baryon sectors using a subset of the
“PACS10” configurations which are generated keeping the space-time volumes over (10 fm)4 in 2+1
flavor QCD at the physical point. Comparing the results on (5.5 fm)4 and (10.9 fm)4 lattices the
ground states of octet baryons , which are stable on the lattice, show no finite size effect within
less than 0.5% level of statistical errors. For those of vector mesons, which are unstable on the
lattice, we observe that the effective masses are well below the experimental resonance levels both
on (5.5 fm)4 and (10.9 fm)4 lattices. For the decuplet baryon sector we have found that the time
dependence of the effective mass looks quite similar to that for the vector meson sector including
the Ω baryon channel. We discuss its origin due to a possible mixing with the nearby multi-hadron
states. Since the Ξ baryon mass can be determined with the smallest ambiguity among the vector
meson and the baryon masses, we use it together with the pion and kaon masses as the physical
inputs to determine the physical point.
I. INTRODUCTION
The “PACS10” configurations generated by PACS Col-
laboration have physical lattice size over (10 fm)4 at the
physical point in 2+1 flavor QCD [1]. This is the succes-
sor to the PACS-CS project to reduce the up-down quark
masses down to the physical point with the Wilson-type
quark action [2, 3]. There are inherent advantages of
large scale simulations: the statistical error can be re-
duced with the optimized use of the geometrical sym-
metries [4–6] and the allowed minimum momentum and
the resolution diminish in proportion to 1/L with L the
lattice extent as we have exploited for calculation of the
nucleon charge radius [7] and the hadron vacuum polar-
ization (HVP) contribution to the muon g − 2 [8].
The PACS10 configurations also give us a good oppor-
tunity to investigate the finite size effect at the physi-
cal point in 2+1 flavor QCD. In our previous work [1]
a finite size study for the pseudoscalar (PS) meson sec-
tor employing (10.9 fm)4 and (5.5 fm)4 lattices has been
carried out at a cutoff of a−1 ≈ 2.3 GeV. We have em-
ployed two kinds of analysis. One is a comparison be-
tween the results at the same hopping parameters on
both lattices. The other is a comparison at the same
axial Ward identity (AWI) quark masses, mAWIud , on both
lattices, where the quark masses on the smaller lattice
is adjusted to those on the larger one by the reweight-
ing method [3]. The former analysis revealed 2.1(8)%,
4.8(1.6)% and 0.36(31)% finite size effect on mpi, m
AWI
ud
and fpi, respectively. On the other hand, in the latter
analysis we detect 0.66(33)%, 0.26(13)% and 0.40(32)%
finite size effect on fpi, fK and fK/fpi, respectively. These
values are roughly three times larger than the chiral per-
turbation theory (ChPT) predictions of 0.20%, 0.08%
and 0.13% for fpi, fK and fK/fpi [9]. In our recent study
of HVP in the muon g − 2, we have also found roughly
twice larger finite size effect compared to the ChPT pre-
diction [8].
In this paper we investigate the finite size effect for
the vector meson and the baryon sectors on the same
gauge configurations in Ref. [1] employing the all-mode-
averaging (AMA) technique [10, 11] and the “crystal”
source method, which is a sort of Z3 grid source method
[12–14], to obtain hadron propagators with high preci-
sion. With the use of mpi, mK and mΞ as the physical
inputs, we determine the physical point together with the
lattice cutoff.
This paper is organized as follows. In Sec. II we explain
the simulation details including the numerical technique,
and discuss the possible mixing states in the vector meson
and the baryon sectors on the lattice. Section III presents
the results for the finite size effect, and in Sec. IV we
discuss the physical point with the use of mpi, mK and
mΞ as the physical inputs. Our conclusions and outlook
are summarized in Sec. V.
II. SIMULATION DETAILS
A. PACS10 gauge configurations
The finite size effect for the vector meson and baryon
sectors are studied by employing the same subset of
PACS10 gauge configurations as for the pseudoscalar me-
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2son sector in Ref. [1]. Since the details of configuration
generation have been already given in Ref. [1], we briefly
present only the relevant points to make this paper self-
contained.
The configurations were generated with the stout-
smeared O(a)-improved Wilson-clover quark action and
Iwasaki gauge action [16] on V = L3 × T = 1284 and
644 lattices at β = 1.82 in 2+1 flavor QCD. We use
the stout smearing parameter ρ = 0.1 [17], and the
number of the smearing steps is six. The nonpertur-
bative improvement coefficient of cSW = 1.11 is deter-
mined by the Schro¨dinger functional (SF) scheme [18].
The hopping parameters are chosen to be (κud, κs) =
(0.126117, 0.124902) for the light (up-down) and strange
quarks. Hereafter this combination of hopping parame-
ters is called the original hopping parameters at the sim-
ulation point. The physical lattice sizes are (10.9 fm)4
and (5.5 fm)4, respectively, using the lattice spacing of
a = 0.08520(16) fm (a−1 = 2.3162(44)) GeV determined
by the precision measurement of the baryon spectroscopy,
which will be explained in Sec. IV. After thermalization
we generate 2000 and 200 trajectories on 644 and 1284
lattices, respectively, and calculate hadronic observables
at every 10 trajectories. The statistical errors are esti-
mated with the jackknife method. After investigating the
bin size dependence, we have chosen 50 and 10 trajecto-
ries for 644 and 1284 lattices, respectively.
When we investigate the finite size effect equal-
izing the AWI quark masses between 644 and 1284
lattices, we need to make a tiny shift of the hop-
ping parameters on the smaller lattice employing the
reweighting technique [1]. This technique also allows
us to determine the quark mass dependence of the
hadron masses, which is used in Sec. IV. We choose
5 combinations of the reweighted hopping parameters:
(κ∗ud, κ
∗
s )=(0.126117, 0.124882), (0.126117, 0.124922),
(0.126119, 0.124882), (0.126119, 0.124902),
(0.126119, 0.124922). The reweighting factors have
been already evaluated in Ref. [1] following the tech-
niques presented in Refs. [3, 19, 20].
B. Precise measurement of hadron correlators
1. Definition of hadron operators
We measure the vector meson and baryon correlators
employing appropriate operators. The vector meson op-
erators are expressed as
Mfgµ (x) = q¯f (x)γµqg(x), (1)
where f and g denote quark flavors and γµ (µ = 1, 2, 3, 4)
are Dirac matrices.
The octet baryon operators are given by
Ofghα (x) = abc((qaf (x))TCγ5qbg(x))qchα(x), (2)
where a, b, c are color indices, C = γ4γ2 is the charge
conjugation matrix and α = 1, 2 labels the z-component
of the spin 1/2 (in Dirac representation α consists of four
spinor components). Referring to Ref. [21], the Σ- and
Λ-like octet baryons are distinguished by the flavor struc-
tures:
Σ−like : −O
[fh]g +O[gh]f√
2
, (3)
Λ−like : O
[fh]g −O[gh]f − 2O[fg]h√
6
, (4)
where O[fg]h = Ofgh−Ogfh. The decuplet baryon oper-
ators for the four z-components of the spin 3/2 is defined
as
Dfgh3/2 (x) = −abc((qaf (x))TCΓ+qbg(x))qch1(x), (5)
Dfgh1/2 (x) = 
abc[((qaf (x))
TCΓ0q
b
g(x))q
c
h1(x)
−((qaf (x))TCΓ+qbg(x))qch2(x)]/
√
3, (6)
Dfgh−1/2(x) = 
abc[((qaf (x))
TCΓ0q
b
g(x))q
c
h2(x)
+((qaf (x))
TCΓ−qbg(x))q
c
h1(x)]/
√
3, (7)
Dfgh−3/2(x) = 
abc((qaf (x))
TCΓ−qbg(x))q
c
h2(x), (8)
where Γ± = (γ1 ∓ iγ2)/2, Γ0 = γ3 and the flavor
structures should be symmetrized. The decuplet baryon
correlator is obtained by the summation over four z-
components as,∑
~x
∑
S=±3/2,±1/2
[
〈DfghS (x)D
fgh
S (0)〉
]
(9)
with operators in Eq. (5)–(8).
∑
~x represents the sum-
mation over spatial lattice site ~x = (x1, x2, x3).
It can be easily found that the correlators based on the
decuplet baryon operators Dfgh± 32 ,± 12
(x) are equivalent to
those constructed using the vector-spinor interpolating
operators Bµβ(x) (β = 1, 2, 3, 4) projected to the spin-
parity of jP = 32
+
[22]. For example, the equivalence of
the Ω baryon correlator is written as∑
~x
∑
S=±3/2,±1/2
[
〈DsssS (x)D
sss
S (0)〉
]
=
∑
~x
∑
µ,ν=1,2,3,4
tr
[
P
3
2
+
µν 〈BΩν (x)B
Ω
µ (0)〉
]
(10)
with
BΩµβ(x) = 
abc((sa(x))TCγµs
b(x))scβ(x)/
√
2, (11)
where tr denotes the trace over spinor indices and the
spin-parity projection operator P
3
2
+
µν is defined by P
3
2
+
µν =(
1+γ4
2
) (
δµν − 13γµγν
)
for µ, ν = 1, 2, 3 and P
3
2
+
44 = 0 for
the zero spatial momentum state. The vector-spinor op-
erators for other decuplet baryons ∆,Σ∗, Ξ∗ are defined
3TABLE I. AMA parameters on 1284 and 644 lattices. The
limited iteration of solver denotes Nuditer for light quark, and
N siter for strange quark. Ndefl denotes the number of deflation
field.
1284 lattice 644 lattice
(Nuditer,Ndefl) [GCRSAP+defl] (12,38) (5,28)
N siter [GCRSAP] 9 10
Domain size 44 84
Total measurements 7679 25573
High precision measurements 4/config. 1/config.
as
B∆µβ(x) = 
abc((ua(x))TCγµu
b(x))ucβ(x)/
√
2, (12)
BΣ
∗
µβ (x) = 
abc[2((ua(x))TCγµs
b(x))ucβ(x)
+((ua(x))TCγµu
b(x))scβ(x)]/
√
6, (13)
BΞ
∗
µβ(x) = 
abc[2((ua(x))TCγµs
b(x))scβ(x)
+((sa(x))TCγµs
b(x))ucβ(x)]/
√
6. (14)
The equivalence as shown with Eq. (10) also holds for
∆,Σ∗ and Ξ∗.
2. All-mode-averaging
In order to reduce the statistical errors of hadron prop-
agators, especially for the baryon sector, we employ the
all-mode-averaging (AMA) technique [10]. On this tech-
nique, the parameters for approximation, which is ob-
tained from the low-precision solver with truncated iter-
ationNfiter at quark flavor f , is tuned to be strong correla-
tion with the high-precision solver but its computational
cost is much lower than high-precision solver. Here the
approximation is constructed with the same procedure
as in Ref. [11], in which the Schwartz Alternative Pro-
cedure (SAP) through domain decomposition is used for
the preconditioning and approximation. In addition, the
deflation field method with Ndefl fields is used to con-
struct the approximation efficiently for the light quark
via low-mode projection. For the strange quark, we use
the SAP without deflation field to save the memory size
and avoid the computation time of low-mode projection.
The solver algorithm we employed here is General Con-
jugate Residual (GCR). Our truncated iteration and the
domain size on 644 and 1284 lattices are listed in Table I.
The vector meson and the baryon correlators are cal-
culated with the smeared source and the local sink. The
smeared source is constructed with an exponential smear-
ing function Ψ(|~x|) = Aq exp(−Bq|~x|) (q = ud, s) where
Ψ(0) = 1 for the ud and s quark propagators. We ad-
just the parameters such that the effective mass for the
octet baryon should reach a plateau quickly. Our choice
is Aud = 1.2, Bud = 0.14 and As = 1.2, Bs = 0.21 for
both the 644 and 1284 lattices.
Note that the details of the calculation of AWI quark
masses and the PS meson masses are described in Ref. [1],
where the wall source method without gauge fixing [23]
is employed to measure the correlators with the use of
the local PS operator and the local axial vector current.
The solver algorithm is the mixed precision BiCGStab
method with the tolerance of |Dx− b|/|b| < 10−8.
3. Crystal source method
As an alternative way to reduce the statistical error of
correlator, we develop a variation of the Z3 grid source
method [12–14]. We first divide the three-dimensional
source space into cubic cells with a crystal structure such
as simple-cubic (SC) or body-centered-cubic (BCC) or
face-centered-cubic (FCC), whose edge length is bcell =
L/ndiv ∈ Q with ndiv ∈ N in the lattice unit a. Then,
we pack equal balls in a non-overlapping way, where
each center of the balls is arranged at each lattice site
of the cells. The situation is illustrated in Fig. 1. For
the SC, BCC and FCC structures, the radius, the num-
ber and the packing rate of the balls (rball, nball, wball)
are given by (bcell/2, n
3
div, 52%), (
√
3bcell/4, 2n
3
div, 68%)
and (
√
2bcell/4, 4n
3
div, 74%), respectively. The construc-
tion of the crystal source Ψ(x) is completed by assigning
Z3 noises η(y) to the balls randomly as
Ψ(x) =
∑
y∈Λcell
ψ(x, y) η(y), (15)
where Λcell is the set of the lattice sites of the
SC/BCC/FCC cells and the function ψ(x, y) has a finite
support inside: ψ(x, y) = 1 for |x− y| < rball. Thanks to
the Z3 noises the quark contractions for hadron operators
are restricted within each ball effectively. Note that any
smeared wave functions for ψ(x, y) can be introduced in-
side the balls to maximize the overlapping to the ground
state of the target hadron. It is also possible to consider
the space filling of polyhedra instead of the ball pack-
ing, where the corresponding polyhedron is simple cube,
truncated octahedron and rhombic dodecahedron for the
SC, BCC and FCC cells.
In Sec. III C, to confirm the result for the Ω baryon
correlator obtained with the AMA technique, we repeat
the calculation with the BCC crystal source using one Z3
random noise set for each measurement, where we employ
the mixed precision nested BiCGStab solver [2] with the
strict tolerance of |Dx− b|/|b| < 10−15. The parameters
for the BCC crystal source are (ndiv, bcell, rball, nball) =
(4, 32, 13.9, 128) on 1284 lattice and (2, 32, 13.9, 16) on
644 lattice. We adopt the exponential smearing function
with As = 1.0, Bs = 0.06 for ψ(x, y) in Eq. (15). The
radii of the balls and the smearing parameters are the
same on 1284 and 644 lattices. The number of the mea-
surement is 2560 and 25600 for 1284 and 644 lattices,
respectively.
4SCunit cell BCC FCC
bcell bcell
bcell bcell bcell
2bcell
2bcell 2bcell 2bcell
rball rball rball rball rball rball
FIG. 1. Cross section of the unit cell with SC, BCC, and FCC
crystal structures. Green areas indicate the balls.
TABLE II. Possible mixing states on the lattice. j and j′ are
the lowest and the next contributing angular momentum in
each octahedral irreducible representation, respectively.
Channel 2O rep. j j′ nearby two-body state
pi A1 0 4
K A1 0 4
ρ G1 1 3 pipi
K∗ G1 1 3 Kpi
φ G1 1 3 KK
N T1 1/2 7/2
Λ T1 1/2 7/2
Σ T1 1/2 7/2
Ξ T1 1/2 7/2
∆ H 3/2 5/2 Npi
Σ∗ H 3/2 5/2 Λpi
Ξ∗ H 3/2 5/2 Ξpi
Ω H 3/2 5/2 ΞK
C. Possible mixing states
Since the cubic lattice has only discretized rotational
symmetries, it is not possible to assign a definite spin
state in the continuum to a single lattice state. Reduc-
tion of SU(2) with respect to the double cover of the
octahedral group 2O is discussed in detail in Ref. [15].
The results are summarized in Table II. Spins j = 0,
1/2, 1 and 3/2 are described by single octahedral irre-
ducible representations A1, G1, T1 and H, respectively.
They contain the next contributing angular momenta of
j′ = 4, 7/2, 3 and 5/2, and the difference from the ground
state is ∆j = |j − j′|=4, 3, 2 and 1, respectively. Note
that the j = 3/2 decuplet state possibly suffers from the
contamination from the higher spin state of j′ = 5/2.
In Table II we also list the nearby two-body state which
can mix with the target single-body state. In the real
world the Ω baryon is not allowed to decay into the ΞK
state, whose energy level is slightly above the Ω baryon
mass (mΞ +mK)−mΩ ≈ 140 MeV. On the lattice, how-
ever, both can mix with each other. Since the energy
level of the Ω baryon should be affected by the nearby
states belonging to the H representation of the 2O group,
it could show an “unstable-like” behavior on the lattice
similar to those for other decuplet baryons.
III. NUMERICAL RESULTS
A. Vector meson sector
Figure 2 shows the effective masses in the vector me-
son sector. Red triangle and black circle represent the
results on 644 and 1284 lattices, respectively, at the origi-
nal hopping parameters (κud, κs) = (0.126117, 0.124902).
We observe that the effective masses for all the ρ, K∗ and
φ channels go below the horizontal line in the large time
region, which denotes the experimental resonance level
with the lattice cutoff determined in Sec. IV. This could
be due to the lower energy level of the pipi, Kpi and KK
states. We hardly detect the finite size effect beyond the
statistical errors. Since it is difficult to find any reason-
able plateau for all the channels, we do not try to extract
the masses by applying the single exponential fit to the
propagators.
We also make another comparison by adjusting the
AWI ud quark masses on the 644 lattice to those on the
1284 lattice with the use of the reweighting technique
employed in Ref. [1]. In Fig. 3 we compare the effective
masses on 644 lattice at the original hopping parameters
and the reweighted ones (κ∗ud, κ
∗
s ) = (0.126119, 0.124902)
where the light and strange quark masses are consistent
with those at the original hopping parameters on 1284
lattice. We find that both data are almost degenerate so
that the reweighting effect is negligible within the current
statistical errors. So we can conclude that the effective
masses in the vector meson sector does not show the finite
size effect beyond the statistical errors in both cases of
fixing κ values or measured AWI quark masses.
B. Octet baryon sector
The effective masses in the octet baryon sector are plot-
ted in Fig. 4. Red triangle and black circle represent the
results on 644 and 1284 lattices, respectively, at the orig-
inal hopping parameters. The horizontal line denotes the
experimental value with the lattice cutoff determined in
Sec. IV. It is hard to detect the finite size effect for all
the N , Λ, Σ and Ξ channels. This is also true in the
comparison with the reweighted results on 644 lattice as
for the vector meson channels. We observe that the ef-
fective mass for the Ξ channel shows a good plateau with
the smallest statistical errors among the octet baryons
so that we employ it together with the pi and K meson
masses to determine the physical quark masses and the
cutoff scale in Sec. IV. In Table III we summarize the fit
results for the octet baryon masses choosing the fit range
of [tmin, tmax] = [8, 15] on 128
4 and 644 lattices. We ob-
serve that the results at the original hopping parameters
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FIG. 2. Comparison of effective masses for ρ, K∗ and φ (from
top to bottom) channels on 644 and 1284 lattices. The hor-
izontal line denotes the experimental resonance level in the
lattice unit, whose scale is determined by the Ξ baryon mass.
TABLE III. Fit results for octet baryon masses on 1284
and 644 lattices at the original hopping parameters and the
reweighted ones (κ∗ud, κ
∗
s ) = (0.126119, 0.124902).
Mass 1284 (org) 644 (org) 644 (rw)
mN 0.4109(14) 0.4094(21) 0.4074(26)
mΛ 0.4828(13) 0.4815(12) 0.4803(16)
mΣ 0.51669(75) 0.51720(78) 0.51647(86)
mΞ 0.56742(50) 0.56802(46) 0.56777(49)
on both lattices are consistent within the statistical er-
rors, which are 0.5% level for the nucleon and down to
0.1% level for the Ξ baryon.
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FIG. 3. Comparison of effective masses for ρ, K∗ and φ
(from top to bottom) channels on 644 lattice at the origi-
nal hopping parameters and the reweighted ones (κ∗ud, κ
∗
s ) =
(0.126119, 0.124902). The horizontal line is the same as in
Fig. 2.
C. Decuplet baryon sector
We plot the effective masses for the ∆, Σ∗, Ξ∗ and
Ω channels in Fig. 5. Red triangle and black circle rep-
resent the results on 644 and 1284 lattices, respectively,
at the original hopping parameters. The horizontal lines
denote the experimental values of the resonance levels
for the ∆, Σ∗ and Ξ∗ baryons with the lattice cutoff de-
termined in Sec. IV, and it represents the experimental
mass for the Ω baryon. The effective masses for the ∆,
Σ∗, Ξ∗ and Ω channels share quite similar features with
the vector meson sector: we cannot find any reasonable
plateau region to validate the single exponential fit. It
should be also noted that as in the cases of the vector
mesons and the octet baryons the results at the original
60 5 10 15 20 25
t
0.34
0.36
0.38
0.40
0.42
0.44
0.46
0.48
m
Nef
f
644, org
1284, org
0 5 10 15 20 25
t
0.44
0.46
0.48
0.50
0.52
0.54
m
Λef
f
644, org
1284, org
0 5 10 15 20 25
t
0.46
0.48
0.50
0.52
0.54
0.56
m
Σef
f
644, org
1284, org
0 5 10 15 20 25
t
0.54
0.55
0.56
0.57
0.58
0.59
0.60
m
Ξef
f
644, org
1284, org
FIG. 4. Comparison of effective masses for N , Λ, Σ and
Ξ (from top to bottom) baryon channels on 644 and 1284
lattices. The horizontal line denotes the experimental mass
in the lattice unit.
and reweighted hopping parameters on 644 lattice do not
show any significant difference. It seems difficult to de-
tect the finite size effect beyond the current statistical
errors. But we point out a possibility that the effective
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FIG. 5. Comparison of effective masses for ∆, Σ∗, Ξ∗ and Ω
(from top to bottom) baryon channels on 644 and 1284 lat-
tices. The horizontal line denotes the experimental resonance
level for ∆, Σ∗ and Ξ∗ and the experimental mass for Ω.
mass for the Ω channel may indicate a finite size effect
between 644 and 1284 lattices at t∼>15. In order to check
whether this signal is caused by a finite size effect or not,
we repeat the calculation of the Ω propagator with higher
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FIG. 6. Comparison of effective mass for Ω baryon channel
on 644 and 1284 lattices. Open symbols are the same as in
the bottom panel of Fig. 5. The horizontal line denotes the
experimental Ω baryon mass.
level of precision employing the BCC crystal source ex-
plained in Sec. II B 3 without AMA technique. Solid red
triangle and solid black circle in Fig. 6 represent the re-
sults on 644 and 1284 lattices at the simulation point, re-
spectively. We observe that there are small discrepancies
between the results on 644 and 1284 lattices with drasti-
cally reduced statistical errors. More important point is
that both results show monotonic decreases toward the
large time region, which is quite similar to other decuplet
baryon channels. This “unstable-like” behavior could be
caused by the mixing effect with the nearby states be-
longing to the H representation of the 2O group.
IV. DETERMINATION OF PHYSICAL QUARK
MASSES AND CUTOFF SCALE
The physical point on the 1284 lattice is determined
by the Taylor expansion of m2pi, m
2
K and mΞ in terms of
the AWI quark masses around the simulation point:
m2pi = m
2
pi|sim +
∂m2pi
∂mud
∣∣∣∣
sim
(mud −mud|sim)
+
∂m2pi
∂ms
∣∣∣∣
sim
(ms −ms|sim) , (16)
m2K = m
2
K |sim +
∂m2K
∂mud
∣∣∣∣
sim
(mud −mud|sim)
+
∂m2K
∂ms
∣∣∣∣
sim
(ms −ms|sim) , (17)
mΞ = mΞ|sim + ∂mΞ
∂mud
∣∣∣∣
sim
(mud −mud|sim)
+
∂mΞ
∂ms
∣∣∣∣
sim
(ms −ms|sim) . (18)
The six coefficients ∂m2pi/∂mud, ∂m
2
pi/∂ms, ∂m
2
K/∂mud,
∂m2K/∂ms, ∂mΞ/∂mud and ∂mΞ/∂ms are determined
from the simulated and reweighted results on 644 lat-
tice. In Fig. 7 we plot the AWI quark mass dependence
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FIG. 7. AWI quark mass dependence of m2pi −m2pi|sim, m2K −
m2K |sim and mΞ−mΞ|sim (from top to bottom) on 644 lattice
together with the fit results.
of m2pi−m2pi|sim, m2K−m2K |sim and mΞ−mΞ|sim on 644 lat-
tice together with the uncorrelated fit results employing
a function of Cud · (mud −mud|sim)+Cs · (ms −ms|sim).
We find that the quark mass dependence is well described
by the linear function. Using the values of Cud and Cs
listed in Table IV, we determine the physical point on
the 1284 lattice to reproduce the experimental values of
mpi = 0.1350 GeV, mK = 0.4976 GeV and mΞ = 1.3148
GeV 1. The results for the bare ud and s quark masses
and the lattice cutoff are presented in Table V. We also
plot the physical quark masses in the mud-ms plane
of Fig. 8, which are consistent with the original quark
1 The quark mass differences between the simulation point and
the physical point are so tiny that we can completely neglect the
finite size effects in Cud and Cs.
8masses at the simulation point. It is confirmed that the
original hopping parameters are successfully tuned at the
physical point. The cutoff scale we determine in this pa-
per,
a−1 = 2.3162(44) GeV, (19)
is 0.72% smaller than the previous value of a−1 =
2.333(18) GeV, which was estimated with the physical
inputs of mpi, mK and mΩ on 96
4 lattice in Ref. [24].
Since we find no reasonable plateau for the effective
mass in the Ω baryon channel as shown in Sec. III C,
we should update the cutoff scale from the old estimate
of a−1 = 2.333(18) GeV 2.
Having determined the physical point we can now ob-
tain the hadron masses at the physical point. We focus
on the octet baryon masses, because it is impossible to
extract the masses for the vector meson and the decuplet
baryon sectors whose effective masses do not show any
reasonable plateaus as found in Secs. III A and III C. We
use the following formula to extrapolate the results to
the physical point:
mN = mN |sim + ∂mN
∂mud
∣∣∣∣
sim
(mud −mud|sim)
+
∂mN
∂ms
∣∣∣∣
sim
(ms −ms|sim) , (20)
mΛ = mΛ|sim + ∂mΛ
∂mud
∣∣∣∣
sim
(mud −mud|sim)
+
∂mΛ
∂ms
∣∣∣∣
sim
(ms −ms|sim) , (21)
mΣ = mΣ|sim + ∂mΣ
∂mud
∣∣∣∣
sim
(mud −mud|sim)
+
∂mΣ
∂ms
∣∣∣∣
sim
(ms −ms|sim) , (22)
where the coefficients are determined by using the
reweighted results on the 644 lattice. The fit values of the
coefficients are listed in Table IV. Table VI summarizes
the results for the octet baryon masses at the physical
point. They are consistent with those at the simulation
point in Table III within the error bars as expected from
Fig. 8. Note that our result for the nucleon mass is heav-
ier than the experimental value by 1.25(45)% beyond the
error bar. There may be two possible reasons: the scaling
violation effect and/or the lack of isospin breaking effect.
We leave the investigation to future studies.
2 Although the old estimate is used in the previous work of Refs. [1,
7, 8], we are not concerned with any practical problem because
the old estimate is consistent with the new one within the error
bar.
TABLE IV. Fit results for AWI quark mass dependence of
m2pi, m
2
K , mΞ and other octet baryon masses on 64
4 lattice.
Mass Cud Cs
m2pi 2.445(21) 0.0030(28)
m2K 1.362(89) 1.206(14)
mΞ 3.6(1.8) 4.11(21)
mN 23.2(8.5) 0.16(84)
mΛ 14.5(5.5) 2.43(41)
mΣ 7.7(2.6) 3.15(29)
TABLE V. Bare AWI quark masses in the lattice unit and
lattice cutoff scale at the physical point determined on 1284
lattice.
mud ms a
−1 [GeV]
simulation point 0.0013663(143) 0.037983(006) −
physical point 0.0013592(062) 0.038048(147) 2.3162(44)
0.00130 0.00135 0.00140 0.00145
m
ud
0.0370
0.0375
0.0380
0.0385
0.0390
m
s
1284, org
644, org
644, rw
1284, phys pt
FIG. 8. Physical point in mud-ms plane. The light and
strange quark masses at the reweighted hopping parameters
(κ∗ud, κ
∗
s ) = (0.126119, 0.124902) on 64
4 lattice are consistent
with those at the original hopping parameters on 1284 lattice.
TABLE VI. Octet baryon masses at the physical point on
1284 lattice.
Mass lattice unit physical unit [GeV] experiment [GeV]
mN 0.4108(14) 0.9514(30) 0.9396
mΛ 0.4828(16) 1.1184(21) 1.1157
mΣ 0.5168(11) 1.1971(15) 1.1926
V. CONCLUSIONS AND OUTLOOK
We have investigated the finite size effect on the vec-
tor meson and the baryon sectors using (5.5 fm)4 and
(10.9 fm)4 lattices in 2+1 flavor QCD at the physical
point. The effective masses for the vector meson sector
9do not show any reasonable plateau region so that we
cannot extract the masses by the single exponential fit
of their propagators. This is also true for the decuplet
baryon sector. Both sectors show “unstable-like” behav-
iors on the lattice because of two common reasons. One
is that there exist two-body states whose energy is close
to that of the ground state. The other is that the 2O rep-
resentations for these sectors allow the mixing between
the ground states and the small ∆j excited states. It is
no wonder that the Ω baryon mass in the decuplet sec-
tor shows no plateau behavior, which is confirmed with
high level of precision by varying the solver algorithm
and the smearing parameter. On the other hand, the
octet baryon sector has “stable” ground states on the
lattice. Their masses do not show any finite size effect
beyond 0.5% level of statistical errors. The choice of mpi,
mK and mΞ as the physical inputs yields the cutoff scale
of a−1 = 2.3162(44) GeV together with the bare quark
masses at the physical point. We find that the nucleon
mass is heavier than the experimental value by 1.25(45)%
beyond the error bar. This could be due to the cutoff ef-
fect and/or the lack of the isospin breaking effect. We
plan to investigate it using the PACS10 configurations at
finer lattice spacings.
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